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Abstract
LetM(p) (p = 2, 3, . . .) be the singlet vertex operator algebra and
ω its conformal vector. We classify the simple weak M(p)-modules
with a non-zero element u such that for some integer s ≥ 2, ωiu ∈ Cu
(i = ⌊s/2⌋ + 1, ⌊s/2⌋ + 2, . . . , s − 1), ωsu ∈ C
×u, and ωiu = 0 for all
i > s.
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1 Introduction
The singlet vertex operator algebraM(p) (p = 2, 3, . . .) is a subalgebra
of the Heisenberg vertex algebra M(1) of rank 1 with two generators,
∗This research was partially supported by JSPS Grant-in-Aid for Scientific Research
No. 15K04770.
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and is known as W (2, 2p − 1)-algebra in the physics literature (cf. [7,
Section V], [16]). Since M(p) admits infinitely many non-isomorphic
simple (irreducible) modules, it is non-C2-cofinite and non-rational.
The vertex operator algebraM(p) has been studied from various per-
spectives (cf. [1],[3],[4],[8],[9],[10],[25],[26]), partly because of its con-
nection to the triplet vertex algebra. For the representation of M(p),
Adamovic´ [1] classifies the simpleM(p)-modules. The notation M(1)
is used there instead ofM(p). So, one of the next task is to investigate
simple weak M(p)-modules. The purpose of this paper is to classify
the simple weak M(p)-modules with a Whittaker vector for ω in the
sense of [24, (1.1)].
Whittaker modules (Whittaker vectors) are non-weight modules
defined over various Lie algebras, first appeared in [5] for sl2. Whit-
taker modules for any finite dimensional complex simple Lie algebra
are systematically studied in [17] and applied to the study of the Toda
lattice in [18]. Results in [18] are generalized to affine Lie algebras or
quantum groups in [12] and [23]. Whittaker modules are also studied
for the Virasoro algebra in [22], [21] and [13], and for the affine Kac–
Moody algebra A
(1)
1 in [2]. Whittaker modules for the Virasoro algebra
also appear in the study of two-dimensional conformal field theory in
physics(cf.[15]). Whittaker modules for a general vertex operator alge-
bra V are not defined, however, we note that for the conformal vector
(the Virasoro element) ω of V , ωn+1 = L(n), n ∈ Z satisfy the Vira-
soro algebra relations (cf. [19, (1.3.4)]). Thus, based on the definition
of Whittaker vectors for the Virasoro algebra in [22] and [21], I intro-
duced the following notion in [24]: for a weak V -moduleM , a non-zero
element u of M is called a Whittaker vector for ω if there exists an
integer s with s ≥ 2 and λ = (λ⌊s/2⌋+1, λ⌊s/2⌋+2, . . . , λs) ∈ C
s−⌊s/2⌋
with λs 6= 0 such that
ωiu =
{
λiu, i = ⌊s/2⌋+ 1, ⌊s/2⌋ + 2, . . . , s.
0, if i > s,
(1.1)
where ⌊s/2⌋ = max{i ∈ Z | i ≤ s/2}. We call λ the type of u. We
note that if we regard a weak V -module M as a module for the Vira-
soro algebra, then the Whittaker vectors in M for ω coincide with the
Whittaker vectors inM for the Virasoro algebra. It is well known that
for each non-negative integer r and ζ = (ζ0, . . . , ζr) ∈ C
r × C×, the
Heisenberg vertex algebra M(1) has a simple weak module M(1, ζ)
(See (2.9)), which is also a Whittaker module for the Heisenberg alge-
bra. Let ω be the conformal vector of M(p). As we shall see later in
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Corollary 2.2, for every ζ ∈ Cr × C× the weak M(p)-module M(1, ζ)
is simple and contains a Whittaker vector uζ of type
( 1
4p
∑
j,k∈N
j+k=i−1
ζjζk − δi,r+1
(p− 1)(r + 1)
2p
ζr
)2r+1
i=r+1
(1.2)
for ω. The following is the main result of this paper, which implies
that the converse is true:
Theorem 1.1. The set {M(1, ζ) | r ∈ Z≥1, ζ ∈ C
r × C×} is a com-
plete set of representatives of equivalence classes of simple weakM(p)-
modules with a Whittaker vector for ω.
It is worth mentioning that the simple weak M(1)+-modules with
a Whittaker vector for its conformal vector are already classified in
[24, Theorem 1.1], where M(1)+ is the subalgebra of M(1) consisting
of the fixed points of an automorphism of M(1) of order 2. Applying
a slight modification of the methods in [24] to M(p), we can show
Theorem 1.1. Let us explain the basic idea briefly. It is shown in [1,
Theorem 3.2] that M(p) is generated by the conformal vector ω and
homogeneous H ∈ M(p) of weight 2p − 1. Let M be a weak M(p)-
module generated by a Whittaker vector u of type λ = (λi)
s
i=⌊s/2⌋+1
for ω. Fist we find two relations for ω and H inM(p) (See (2.34) and
(2.54)). Using these relations, we have that s is an odd integer and
Hiu = 0 for all i >
(s+ 1)(2p − 1)
2
− 1 (1.3)
and thatH(s+1)(2p−1)/2−1u ∈ Cu if and only ifM is simple (See Lemma
3.1 (4) and (5)). In this case
H(s+1)(2p−1)/2−1u = qu (1.4)
where q is a square root of (4p)2p−1λ2p−1s /((2p− 1)!)2, M is generated
by u as a module for the Virasoro algebra associated to ω, and the
actions of H on M are uniquely determined by the scalar q and the
actions of ω on M . In particular, if M is simple, then M is a Whit-
taker module for the Virasoro algebra in the sense of [21, 22]. Since
any Whittaker module for the Virasoro algebra is uniquely determined
by its type by [22, Proposition 3.2] and [13, Theorem 2.3], every sim-
ple weak M(p)-module with a Whittaker vector u for ω is uniquely
determined by the type of u for ω and q ∈ C in (1.4). Thus, the
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theorem follows from (1.2) and the computation of H(s+1)(2p−1)/2−1uζ
in M(1, ζ).
The organization of the paper is as follows. In Section 2 we re-
call some basic properties of the Heisenberg vertex algebra M(1), the
singlet vertex algebra M(p), and the weak M(1)-modules M(1, ζ)
where r ∈ Z>0 and ζ ∈ C
r ×C×. We show that M(1, ζ), r ∈ Z>0 and
ζ ∈ Cr×C×, are pairwise non-isomorphic simple weakM(p)-modules.
We also find two relations for ω and H in M(p). In Section 3 we give
a proof of Theorem 1.1.
2 Preliminary
We assume that the reader is familiar with the basic knowledge on
vertex algebras as presented in [6, 14, 19].
Throughout this paper, p is an integer with p ≥ 2, N denotes the
set of all non-negative integers, C× = {z ∈ C | z 6= 0} and (V, Y,1, ω)
is a vertex operator algebra. Recall that V is the underlying vector
space, Y (−, x) is the linear map from V ⊗C V to V ((x)), 1 is the
vacuum vector, and ω is the conformal vector. A weak V -module
M (cf. [20, p.157]) is called N-graded if M admits a decomposition
M = ⊕∞j=0M(j) such that
akM(j) ⊂M(wt a+ j − k − 1) (2.1)
for homogeneous a ∈ V , j ∈ N, and k ∈ Z. For a weak V -module
M and U ⊂ M , 〈ω〉U denotes the set of linear span of the following
elements:
ωi1 · · ·ωinu (n ∈ N, i1, . . . , in ∈ Z, u ∈ U). (2.2)
When U = {u}, we simply write 〈ω〉u for 〈ω〉U . For i ∈ Z, we define
Z<i = {k ∈ Z | k < i} and Z>i = {k ∈ Z | k > i}. (2.3)
We also define Z≤i and Z≥i similarly.
We recall the vertex operator algebraM(1) associated to the Heisen-
berg algebra of rank 1 and some weak M(1)-modules. Let h be a one
dimensional vector space equipped with a nondegenerate symmetric
bilinear form 〈−,−〉. Set a Lie algebra
hˆ = h⊗ C[t, t−1]⊕ CK (2.4)
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with the Lie bracket relations
[h⊗ tm, h′ ⊗ tn] = m〈h, h′〉δm+n,0K, [K, hˆ] = 0 (2.5)
for h, h′ ∈ h and m,n ∈ Z. For h ∈ h and n ∈ Z, h(n) denotes
h⊗ tn ∈ Ĥ. Set two Lie subalgebras of ĥ:
ĥ≥0 =
⊕
n≥0
h⊗ tn and ĥ<0 =
⊕
n≤−1
h⊗ tn. (2.6)
We take α ∈ h such that
〈α,α〉 = 2p. (2.7)
For a non-negative integer r and an r+1-tuple ζ = (ζ0, . . . , ζr) ∈ C
r+1,
Cuζ denotes a one dimensional ĥ≥0-module uniquely determined by
α(i) · uζ =
{
ζiuζ for i = 0, . . . , r,
0 for i > r
and K · uζ = uζ . (2.8)
We take an ĥ-module
M(1, ζ) = U (ĥ)⊗
U (ĥ≥0)
Cuζ ∼= U (ĥ<0)⊗C Cuζ (2.9)
where U (g) is the universal enveloping algebra of a Lie algebra g.
Then, M(1) = M(1, (0)) has a vertex algebra structure and M(1, ζ)
is a simple weak M(1)-module for any ζ ∈ Cr+1. The vertex operator
algebra M(1) is called the vertex operator algebra associated to the
Heisenberg algebra ⊕06=n∈Zh ⊗ t
n ⊕ CK. If r = 0, then M(1, (λ0)) is
a simple M(1)-module. We define
ω =
α(−1)21
4p
+
p− 1
2p
α(−2)1 ∈M(1). (2.10)
Then 〈ω〉1 is the simple Virasoro vertex operator algebra with central
charge 1− 6(p − 1)2/p. Since for i ∈ Z
ωiuζ = (
1
4p
∑
j,k∈N
j+k=i−1
α(j)α(k) −
(p− 1)i
2p
α(i− 1))uζ , (2.11)
uζ is a Whittaker vector of type
( 1
4p
∑
j,k∈N
j+k=i−1
ζjζk − δi,r+1
(p − 1)(r + 1)
2p
ζr
)2r+1
i=r+1
(2.12)
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for ω. If r ≥ 1 and ζr 6= 0, then u is an eigenvector for ω2r+1 with
eigenvalue ζ2r /(4p) and hence M(1, ζ) is not an N-graded weak M(1)-
module by (2.1). We also note that the map
C
r × C× → Cr × C×
(ζ0, . . . , ζr) 7→ (
1
4p
∑
j,k∈N
j+k=i−1
ζjζk − δi,r+1
(p− 1)(r + 1)
2p
ζr)
2r+1
i=r+1 (2.13)
is onto and the images of ζ = (ζi)
r
i=0, ζ
′ = (ζ ′i)
r
i=0 ∈ C
r × C× under
this map are equal if and only if
ζi + ζ
′
i =
{
0, for i = 1, . . . , r, and
2(p − 1)(r + 1) for i = 0
(2.14)
since
1
4p
∑
j,k∈N
j+k=i−1
ζjζk − δi,r+1
(p− 1)(r + 1)
2p
ζr
=


1
4p
ζ2r if i = 2r + 1,
1
2p
ζrζi−1−r +
1
4p
r−1∑
j=i−1−r+1
ζjζi−1−j
− δi,r+1
(p − 1)(r + 1)
2p
ζr if r + 1 ≤ i < 2r + 1,
(2.15)
for i = r + 1, r + 2, . . . , 2r + 1. In particular, this map is two-to-one.
Regarding the weak M(1)-module M(1, ζ) as a weak 〈ω〉1-module, we
have the following results:
Lemma 2.1. (1) For every ζ ∈ Cr × C×, M(1, ζ) is a simple weak
〈ω〉1-module.
(2) For ζ = (ζi)
r
i=0 ∈ C
r×C× and ζ = (ζ ′i)
r′
i=0 ∈ C
r′×C×, M(1, ζ) ∼=
M(1, ζ ′) as weak 〈ω〉1-modules if and only if r = r′ and (2.14)
holds.
Proof. (1) For convenience, we define
L(n) = ωn+1 (2.16)
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for n ∈ Z. For n ∈ Z<0, we have
L(n+ r) =
1
2p
α(n)α(r) +
1
4p
∑
0≤i≤r−1,
j∈Z,i+j=n+r
α(j)α(i)
+
1
2p
∑
i≥r+1,
j∈Z,i+j=n+r
α(j)α(i)
+
1
4p
∑
0≤j≤r−1,
i<0,i+j=n+r
α(i)α(j) +
1
4p
∑
i,j<0,
i+j=n+r
α(i)α(j)
+
p− 1
2p
(−n− r − 1)α(n + r) (2.17)
and therefore
L(n+ r)uζ =
1
2p
ζrα(n)uζ +
1
4p
r−1∑
i=0
ζiα(n + r − i)uζ
+
1
4p
∑
0≤j≤r−1,
n+r−j<0
ζjα(n+ r − j)uζ +
1
4p
∑
i,j<0,
i+j=n+r
α(i)α(j)uζ
+
p− 1
2p
(−n− r − 1)α(n + r)uζ . (2.18)
Since L(1)α(−1) = (−2p + 2)1, for i, j ∈ Z we have
[L(j), α(i)] =
∞∑
k=0
(
j + 1
k
)
(L(k − 1)α(−1)1)i+j+1−k
= −iα(i+ j) + (−2p+ 2)
(
j + 1
2
)
1i+j−1,−1. (2.19)
Thus, for i ∈ Z, m ∈ Z≥0 and j1, . . . , jm ∈ Z, an inductive
argument on m shows that
α(i)L(j1) · · ·L(jm)
∈
∑
l≥0
∑
1≤k1<···<kl≤m
CL(jk1) . . . L(jkl)
+
∑
l≥0
∑
1≤k1<···<kl≤m
∑
T⊂{1,...,m}
T∩{k1,...,kl}=∅
CL(jk1) . . . L(jkl)α(i +
∑
t∈T
jt).
(2.20)
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For j ∈ Z, we define
Sj = SpanC
{
L(j1) · · ·L(jm)uζ
∣∣∣
m ∈ Z≥0,
j1, . . . , jm ∈ Z≤r, and
for any ∅ 6= T ⊂ {1, 2, . . . ,m},
∑
t∈T
jt ≥ j
}
.
(2.21)
We note that Sj ⊂ Sj−1 for all j ∈ Z. We shall show that
α(n)uζ ∈ Sn+r (2.22)
for all n ∈ Z. If n ≥ 0, then (2.22) follows from (2.8). For
n < 0, we shall show (2.22) by induction on n = 0,−1,−2, . . ..
We have already shown that (2.22) holds for n = 0. Let n ∈ Z<0.
Let i, j ∈ Z<0 with i + j = n + r. We have α(j)uζ ∈ Sj+r and
α(i+k)uζ ∈ Si+k+r for k ≥ n−i+1 by the induction hypothesis.
Since j+r = n+2r−i ≥ n+1+r and i+j+r = n+2r ≥ n+1+r,
it follows from (2.20) that
α(i)α(j)uζ ∈ Sn+1+r. (2.23)
Thus, (2.22) follows from (2.18) and the induction hypothesis. It
follows from (2.19) and (2.22) thatM(1, ζ) = 〈ω〉uζ and therefore
M(1, ζ) is simple by (2.12), [22, Corollary 4.2] and [21, Theorem
7].
(2) It follows from (1) that M(1, ζ) = 〈ω〉uζ . Since any Whittaker
vector of the type given in (2.12) for ω in M(1, ζ) is a non-zero
scalar multiple of uζ by [22, Proposition 3.2] and [13, Theorem
2.3], (2) follows from (2.12)–(2.14).
Let
VZ(α/p) ∼=
⊕
n∈Z
M(1)⊗C Ce
nα/p (2.24)
be the generalized vertex algebra associated to the lattice Z(α/p) (See
[11]). We define a linear map
Q˜ = Resx Y (e
−α/p, x) : VZ(α/p) → VZ(α/p) (2.25)
and denote by M(p) the kernel of Q˜ in M(1):
M(p) = {a ∈M(1) | Q˜a = 0}. (2.26)
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For i ∈ N, we also denote by Si(α) the i-th coefficient of t
i in the
expansion of exp(
∑∞
j=1 α(−j)t
j/j):
exp(
∞∑
j=1
α(−j)
j
tj) =
∞∑
i=0
Si(α)t
i. (2.27)
It is shown in [1, Theorem 3.2] that M(p) is generated by ω and
homogeneous
H = S2p−1(α)1 ∈M(1) (2.28)
of weight 2p− 1. A direct computation shows that
Hiuζ ∈ Cuζ for all i ≥ (r + 1)(2p − 1)− r − 1 (2.29)
and, in particular,
Hiuζ =


ζ2p−1r
(2p − 1)!
uζ , if i = (r + 1)(2p − 1)− 1,
0, if i > (r + 1)(2p − 1)− 1.
(2.30)
It is shown in [1, p.122] that H is a primary vector of weight 2p − 1
for ω, so ω and H satisfies
[ωi,Hj] = ((2p − 2)i − j)Hi+j−1, i, j ∈ Z. (2.31)
The following result is a direct consequence of Lemma 2.1 and (2.30):
Corollary 2.2. The weak M(p)-modules M(1, ζ),r ∈ Z≥1 and ζ ∈
C
r × C×, are simple and pairwise non-isomorphic. In particular, for
any odd integer s ≥ 3, λ = (λ(s+1)/2, λ(s+1)/2+1, . . . , λs) ∈ C
(s−1)/2 ×
C
×, and q ∈ C such that
q2 =
(4p)2p−1
((2p − 1)!)2
λ2p−1s , (2.32)
there exists a weak M(p)-module with a Whittaker vector u of type λ
for ω such that
Hiuζ =
{
qu for i = (s+ 1)(2p − 1)/2 − 1,
0 for all i > (s+ 1)(2p − 1)/2 − 1.
(2.33)
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Proof. It follows from Lemma 2.1 (1) that M(1, ζ) is a simple weak
M(p)-module for every r ∈ Z≥1 and ζ ∈ C
r × C×. Let ζ ∈ Cr × C×
and ζ ′ ∈ Cr
′
× C× such that M(1, ζ) ∼= M(1, ζ ′) as weak M(p)-
modules. Since any Whittaker vector of the type given in (2.12) for ω
in M(1, ζ) = 〈ω〉uζ is a non-zero scalar multiple of uζ by [22, Proposi-
tion 3.2] and [13, Theorem 2.3], Lemma 2.1 (2) shows that r = r′ and
(2.14) holds. Therefore, ζ = ζ ′ by (2.30). The equality (2.33) follows
from (2.13) and (2.30).
The following relation for ω and H will be used in Lemma 3.1.
Lemma 2.3.
3
2p
H−41− ω−1H−21+
2p − 1
2
ω−2H = 0. (2.34)
Proof. For
E(t) = exp(
∞∑
i=1
α(−i)
i
ti), (2.35)
we have
α(j)E(t)1 = 〈α,α〉tjE(t)1 for j ∈ Z>0. (2.36)
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Using (2.36) repeatedly, we have
ω30E(t)1 =
∞∑
i=1
(i+ 1)(i + 2)α(−i − 3)tiE(t)1
+ 3
∞∑
i,j=1
(i+ 1)α(−j − 1)α(−2 − i)ti+jE(t)1
+
∞∑
i,j,k=1
α(−1− k)α(−1 − j)α(−1 − i)ti+j+kE(t)1,
ω−1ω0E(t)1 =
∞∑
i=1
(i+ 1)α(−3 − i)tiE(t)1
+
∞∑
i,j=1
α(−2− j)α(−1 − i)ti+jE(t)1
+
1
4p
α(−1)2
∞∑
i=1
α(−1− i)tiE(t)1
+
p− 1
2p
α(−2)
∞∑
i=1
α(−1 − i)tiE(t)1,
ω−2E(t)1 =
∞∑
i=1
α(−3− i)tiE(t)1
+
1
2p
α(−1)α(−2)E(t)1 +
p− 1
p
α(−3)E(t)1. (2.37)
Simple weak modules and Whittaker vectors 12
Thus
ω30E(t)1 =
d3
dt3
E(t)1 − 3α(−1)
d2
dt2
E(t)1
+ (−3α(−2) + 3α(−1)2)
d
dt
E(t)1
+ (−2α(−3) + 3α(−2)α(−1) − α(−1)3)E(t)1,
ω−1ω0E(t)1 =
d
dt
(t−1
d
dt
E(t))1− 2α(−1)t−1
d
dt
E(t)1 − α(−2)
d
dt
E(t)1
+ α(−1)E(t)t−21− α(−3)E(t)1
+ α(−1)2t−1E(t)1+ α(−1)α(−2)E(t)1
+
1
4p
α(−1)2(
d
dt
E(t)− α(−1)E(t))1 +
p− 1
2p
α(−2)(
d
dt
E(t)− α(−1)E(t))1,
ω−2E(t)1 = t
−2 d
dt
E(t)1 − α(−1)t−2E(t)1− α(−2)t−1E(t)1− α(−3)E(t)1
+
1
2p
α(−1)α(−2)E(t)1 +
p− 1
p
α(−3)E(t)1 (2.38)
and therefore
ω30H = (2p)(2p + 1)(2p + 2)S2p+2(α)1 − 6p(2p + 1)α(−1)S2p+1(α)1
+ (−3α(−2) + 3α(−1)2)(2p)S2p(α)1
+ (−2α(−3) + 3α(−2)α(−1) − α(−1)3)S2p−1(α)1,
ω−1ω0H = (2p)(2p + 2)S2p+2(α)1 + (−4p− 1)α(−1)S2p+1(α)1
+
3
2
α(−1)2S2p(α)1 + (−p− 1)α(−2)S2p(α)1
− α(−3)S2p−1(α)1−
1
4p
α(−1)3S2p−1(α)1 +
p+ 1
2p
α(−2)α(−1)S2p−1(α)1,
ω−2H = (2p + 2)S2p+2(α)1 − α(−1)S2p+1(α)1 − α(−2)S2p(α)1
− α(−3)S2p−1(α)1+
1
2p
α(−1)α(−2)S2p−1(α)1 +
p− 1
p
α(−3)S2p−1(α)1.
(2.39)
Since ωi0H = i!H−1−i1 for i ∈ Z≥0, the assertion follows from a direct
computation.
The same argument as in the proof of [24, Lemma 3.2] shows the
following result:
Lemma 2.4. Let s ∈ Z with s ≥ 2. Let M be a weak 〈ω〉1-module and
u ∈M such that ωiu = 0 for all i > s. Let p, q, i1, . . . , ip, ip+1, . . . , iq ∈
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Z such that 0 ≤ p ≤ q, i1, . . . , ip ≥ 0, ip+1, . . . , iq < 0, and sq ≤
i1 + · · ·+ iq. If p < q or (i1, . . . , ip) 6= (s, . . . , s), then
ωiq · · ·ωip+1ωip · · ·ωi1u = 0. (2.40)
The following results will be used in Lemmas 2.6.
Lemma 2.5. Let s ∈ Z with s ≥ 2, M a weak M(p)-module, and u ∈
M such that ωiu = 0 for all i > s. Let q ∈ Z≥0 and j1, . . . , jq ∈ Z≤−1,
and define
k = wt(ωj1 · · ·ωjq1) = −j1 − · · · − jq + q. (2.41)
Let m ∈ Z≥(s+1)k/2−1.
(1) If k 6= 2q or m > (s+ 1)k/2 − 1, then
(ωj1 · · ·ωjq)mu = 0. (2.42)
(2) If k = 2q, then
j1 = · · · = jk/2 = −1 (2.43)
and
(ω
k/2
−1 )(s+1)k/2−1u = ω
k/2
s u. (2.44)
(3) For i, j ∈ Z with i+ j = (s+ 1)(2p − 1)− 2, we have
[Hi,Hj]u = 0. (2.45)
Proof. It follows from (2.41) that 2q ≤ k. Thus, for i1, . . . , iq ∈ Z such
that i1 + · · · + iq = j1 + · · ·+ jq +m+ 1, we have
i1 + · · ·+ iq = q − k +m+ 1
≥ q − k + (s+ 1)k/2 − 1 + 1
=
(s− 1)k
2
+ q ≥ sq. (2.46)
It follows from Lemma 2.4 that if (i1, . . . , iq) 6= (s, . . . , s), then
◦
◦ωi1 · · ·ωiq
◦
◦u = 0. (2.47)
Here, for i1, . . . , iq ∈ Z we define
◦
◦ωi1 · · ·ωiq
◦
◦ inductively by
◦
◦ωi1
◦
◦ = ωi1 and
◦
◦ωi1 · · ·ωiq
◦
◦ =
{
◦
◦ωi2 · · ·ωiq
◦
◦ωi1 if i1 ≥ 0,
ωi1
◦
◦ωi2 · · ·ωiq
◦
◦ if i1 < 0.
(2.48)
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(1) If k > 2q or m > (s+ 1)k/2 − 1, then
i1 + · · ·+ iq > sq (2.49)
by (2.46). Thus, (2.42) follows from (2.47).
(2) Suppose k = 2q. It follows from (2.41) that j1 = · · · = jk = −1.
It follows from (2.46) and (2.47) that
(ω
k/2
−1 1)(s+1)k/2−1u =
∑
i1,...,ik/2∈Z
i1+···+ik/2+k/2=(s+1)k/2
◦
◦ωi1 · · ·ωik/2
◦
◦u
= ωk/2s u. (2.50)
(3) It is shown in [1, Lemma 3.2] that HkH ∈ 〈ω〉1 for all k ≥ −2p.
Thus, for k = 0, 1, . . . since
(s+ 1)(2p − 1)− 2− k − (
s + 1
2
wt(HkH)− 1)
=
s− 1
2
(k + 1) > 0, (2.51)
we have
(HkH)(s+1)(2p−1)−2−k = 0 (2.52)
by (1) and therefore
[Hi,Hj ] =
∞∑
k=0
(
i
k
)
(HkH)(s+1)(2p−1)−2−ku = 0. (2.53)
By Lemma 2.5, we have the following relation for ω and H, which
will be used in Lemma 3.1 together with (2.34).
Lemma 2.6.
H−1H =
(4p)2p−1
((2p − 1)!)2
ω2p−1−1 1+ a (2.54)
where a is an element of
SpanC
{
ωj1 · · ·ωjk1
∣∣∣ k ∈ Z≥0, j1, . . . , jk ∈ Z<0,wt(ωj1 · · ·ωjk) = 4p − 2,
(j1, . . . , jk) 6= (−1, . . . ,−1)
}
. (2.55)
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Proof. By [1, Lemma 3.2], we can write
H−1H = cω
2p−1
−1 1+ a (2.56)
where c ∈ C and a is an element of (2.55). By (2.30) and Lemma 2.5
(3) with s = 2r + 1, we have
(H−1H)2(r+1)(2p−1)−1uζ
=
∑
i+j=2(r+1)(2p−1)−2,
i≥0
HjHiuζ +
∑
i+j=2(r+1)(2p−1)−2,
i<0
HiHjuζ
=
∑
i+j=2(r+1)(2p−1)−2,
0≤i≤(r+1)(2p−1)−1
([Hj ,Hi] +HiHj)uζ
= H2(r+1)(2p−1)−1uζ . (2.57)
By Lemma 2.5 (1), we also have
a2(r+1)(2p−1)−1uζ = 0. (2.58)
It follows from (2.11) and Lemma 2.5 (2) that
(ω2p−1−1 1)2(r+1)(2p−1)−1uζ = (ω2r+1)
2p−1uζ =
ζ4p−2r
(4p)2p−1
uζ . (2.59)
By (2.30) and (2.57), we have c = (4p)2p−1/((2p − 1)!)2.
Remark 2.7. Lemma 2.6 also follows from the proof of [1, Lemma
6.1].
3 WeakM(p)-modules withWhittaker
vectors.
In this section, we will show Theorem 1.1. The following is a key result
to show Theorem 1.1.
Lemma 3.1. Let s, t ∈ Z with 2 ≤ t ≤ s, λ = (λt, . . . , λs) ∈ C
s−t+1
with λs 6= 0, and q ∈ C such that
q2 =
(4p)2p−1
((2p − 1)!)2
λ2p−1s , (3.1)
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and define
m =
(s+ 1)(2p − 1)
2
− 1. (3.2)
Let M be a weak M(p)-module and u ∈ M a non-zero element such
that ωiu = λiu for i = t, . . . , s and ωiu = 0 for all i > s.
(1) The integer s is odd and
H2mu =
(4p)2p−1
((2p − 1)!)2
λ2p−1s u
Hiu = 0 for all i > m. (3.3)
Moreover, the submodule ofM generated by u is equal to 〈ω〉(Cu+
CHmu).
(2) If Hmu 6∈ Cu, then two nonzero elements v± = Hmu± qu ∈ M
satisfy
ωiv± =
{
λiv± for t ≤ i ≤ s,
0 for all i > s
(3.4)
and
Hmv± =± qv±. (3.5)
(3) Suppose that Hmu ∈ Cu. Then
Hmu = qu or − qu (3.6)
and
Hiu = µiu for m− s+ t ≤ i ≤ m (3.7)
where µi is a polynomial in λs−m+i, λs−m+i+1, . . . , λs−1, λ
−1
s and
q for each i = m − s + t,m − s + t + 1, . . . ,m. Moreover, the
submodule of M generated by u is equal to 〈ω〉u.
(4) If t = (s + 1)/2 and Hmu ∈ Cu, then the submodule of M gen-
erated by u is simple.
(5) If t = (s+ 1)/2 and M is simple, then Hmu ∈ Cu.
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Proof. (1) For n ∈ Z, by (2.34) we have
0 = (
2p
3
H−41− ω−1H−21+
2p− 1
2
ω−2H)n+s+2u
=
2p
3
(
−n− s
3
)
Hn+s−1u−
∑
i,j∈Z
i+j=n+s
(−j − 1)◦◦ωiHj
◦
◦u
+
2p− 1
2
∑
i,j∈Z
i+j=n+s
(−i− 1)◦◦ωiHj
◦
◦u
≡ −(−n− 1)Hnλsu+
2p− 1
2
(−s− 1)Hnλsu (mod
∑
j≥n+1
〈ω〉Hju).
= λs(n+ 1−
(s+ 1)(2p − 1)
2
)Hnu. (3.8)
Here ◦◦ωiHj
◦
◦ is defined to be
◦
◦ωiHj
◦
◦ =
{
Hjωi if i ≥ 0,
ωiHj if i < 0.
(3.9)
Since M(p) is simple by [3, Theorem 4.3], it follows from [11,
Proposition 11.9] that there exists m′ ∈ Z such that Hm′u 6= 0
and Hju = 0 for all j > m
′. It follows from (3.8) that s is an
odd integer and m′ = (s+ 1)(2p − 1)/2 − 1 = m. By (2.31) and
(3.8), an inductive argument shows that
Hnu ∈ 〈ω〉(Cu+ CHmu) for all n ∈ Z (3.10)
and therefore the submodule of M generated by u is equal to
〈ω〉(Cu + CHmu). By using Lemma 2.6, the same argument as
in the proof of Lemma 2.6 shows that
H2mu =
(4p)2p−1
((2p − 1)!)2
λ2p−1s u. (3.11)
(2) The assertion follows from (2.31) and (3.3).
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(3) Equation (3.6) follows from (3.3). By (2.31) and (2.34), we have
0 = (
3
2p
H−41− ω−1H−21+
2p − 1
2
ω−2H)t+m+2u
=
3
2p
(
−m− t
3
)
Ht+m−1u−
∑
t≤i≤s
(−(t+m− i)− 1)Ht+m−iωiu
+
2p − 1
2
∑
t≤i≤s
(−i− 1)Ht+m−iωiu
=
∑
t≤i≤s
(t+m− i+ 1−
(i+ 1)(2p − 1)
2
)Ht+m−iωiu
= (t+m− s+ 1−
(s+ 1)(2p − 1)
2
)Ht+m−sωsu
+
s−1∑
i=t
(t+m− i+ 1−
(i+ 1)(2p − 1)
2
)Ht+m−iωiu
= (t− s)Ht+m−sλsu
+
s−1∑
i=t
(t+m− i+ 1−
(i+ 1)(2p − 1)
2
)Ht+m−iλiu. (3.12)
Thus, an inductive argument on t = s, s − 1, . . . shows (3.7). It
follows from (1) that the submodule ofM generated by u is equal
to 〈ω〉u.
(4) Since u is a Whittaker vector of type (λi)
s
i=(s+1)/2 for ω, the
assertion follows from (3), [22, Corollary 4.2], and [21, Theorem
7].
(5) Suppose Hmu 6∈ C. Let v± ∈M be two nonzero vectors defined
in (2). We note that v± are Whittaker vectors for ω. Since
M is simple we have M = 〈ω〉v+ = 〈ω〉v− by (3). Since v±
are Whittaker vectors of type (λi)
s
i=(s+1)/2 for ω in M , v+ is a
non-zero scalar multiple of v− by [22, Proposition 3.2] and [13,
Theorem 2.3]. This contradicts to (3.5).
Now we give a proof of Theorem 1.1.
(Proof of Theorem 1.1). The following argument is almost the same
as in the proof of [24, Theorem 1.1]. Let s be an odd integer with
s ≥ 2, λ = (λ(s+1)/2, λ(s+1)/2+1, . . . , λs) ∈ C
(s−1)/2 × C×, m ∈ Z de-
fined by (3.2), and q ∈ C which satisfies (2.32). Taking a quotient
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space of the tensor algebra of M(p)⊗C[t, t−1] by the two sided ideal
generated by the Borcherds identity, H⊗ti (i > m), H⊗tm−q(1⊗1),
ω⊗ti (i > s), and ω⊗ti−λi(1⊗1) ((s+1)/2 ≤ i ≤ s), we obtain a pair
(N(λ, q), v(λ, q)) of a weakM(p)-moduleN(λ, q) and aWhittaker vec-
tor v(λ, q) ∈ N(λ, q) of type λ for ω such that YN(λ,q)(H,x)v(λ, q) ∈
x−m−1N(λ, q)[[x]] and Hmv(λ, q) = qv(λ, q) with the following uni-
versal property: for any pair (U, u) of a weak M(p)-module U and a
Whittaker vector u ∈ U of type λ such that YU (H,x)u ∈ x
−m−1U [[x]]
and Hmu = qu, there exists a unique weak M(p)-module homomor-
phismN(λ, q)→ U which maps v(λ, q) to u. The weak moduleN(λ, q)
is not zero by Corollary 2.2 and simple by Lemma 3.1 (4).
LetM be a simple weakM(p)-module with aWhittaker vector u of
type λ for ω. By Lemma 3.1 (3) and (5),M is isomorphic to a quotient
weak module of N(λ, q) or N(λ,−q) and, moreover, N(λ, q) ∼= M or
N(λ,−q) ∼= M since N(λ,±q) are simple. Thus, M is isomorphic to
one of the weakM(p)-modules listed in Theorem 1.1 by Corollary 2.2.
The proof is complete.
References
[1] D. Adamovic´, Classification of irreducible modules of certain sub-
algebras of free boson vertex algebra, J. Algebra 270 (2003), 115–
132.
[2] D. Adamovic´, R. Lu¨, and. K. Zhao, Whittaker modules for the
affine Lie algebra A
(1)
1 , Adv. Math. 289 (2016), 438–479.
[3] D. Adamovic´ and A. Milas, Logarithmic intertwining operators
and W(2, 2p − 1) algebras, J. Math. Phys. 48 (2007), 073503
[4] D. Adamovic´ and A. Milas, On the triplet vertex algebra W (p),
Adv. Math. 217 (2008), 2664–2699.
[5] D. Arnal and G. Pinczon, On algebraically irreducible representa-
tions of the Lie algebra sl(2), J. Math. Phys. 15 (1974), 350–359.
[6] R. Borcherds, Vertex algebras, Kac-Moody algebras, and the
Monster, Proc. Nat. Acad. Sci. U.S.A. 83 (1986), 3068–3071.
[7] P. Bouwknegt, A. Ceresole, P. van Nieuwenhuizen, and J. Mc-
Carthy, Extended Sugawara construction for the superalgebras
SU(M + 1|N + 1). II. The third-order Casimir algebra, Phys.
Rev. D 40 (1989), 415–421.
Simple weak modules and Whittaker vectors 20
[8] K. Bringmann and A. Milas, W-algebras, false theta functions
and quantum modular forms, I, I.M.R.N. 21 (2015), 11351–
11387.
[9] T. Creutzig and A. Milas, The false theta functions and the Ver-
linde formula, Adv. Math. 262 (2014) 520–545.
[10] T. Creutzig, A. Milas, and M. Rupert, Logarithmic link invariants
of U
H
q (sl2) and asymptotic dimensions of singlet vertex algebras,
arXiv:1605.05634.
[11] C. Dong and J. Lepowsky, Generalized vertex algebras and rela-
tive vertex operators, Progress in Mathematics 112, Birkhauser
Boston, Inc., Boston, MA, 1993.
[12] P. Etingof, Whittaker functions on quantum groups and q-
deformed Toda operators, in Differential Topology, Infinite-
Dimensional Lie Algebras, and Applications, Amer. Math. Soc.
Transl. Ser. 2 194, Amer. Math. Soc., Providence, 1999, 9–25.
[13] E. Felin´ska, Z. Jasko´lski, and M. Koszto lowicz, Whittaker pairs
for the Virasoro algebra and the Gaiotto-Bonelli-Maruyoshi-
Tanzini states, J. Math. Phys. 53 (2012), no. 3, 033504.
Erratum, J. Math. Phys. 53 (2012), no. 12, 129902.
[14] I. B. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator
Algebras and the Monster, Pure and Applied Math., Vol. 134,
Academic Press, 1988.
[15] D. Gaiotto, Asymptotically free N = 2 theories and irregu-
lar conformal blocks, Journal of Physics: Conference Series 462
(2013) 012014
[16] H. G. Kausch, Extended conformal algebras generated by a mul-
tiplet of primary fields, Phys. Lett. B 259 (1991), 448–455.
[17] B. Kostant, On Whittaker vectors and representation theory, In-
vent. Math. 48 (1978), 101–184.
[18] B. Kostant, The solution to a generalized Toda lattice and rep-
resentation theory, Adv. Math. 34 (1979), 195–338.
[19] J. Lepowsky and H. S. Li, Introduction to Vertex Operator Al-
gebras and their Representations, Progress in Mathematics 227,
Birkhauser Boston, Inc., Boston, MA, 2004.
[20] H. S. Li, Local systems of vertex operators, vertex superalgebras
and modules, J. Pure Appl. Algebra 109 (1996), 143–195.
Simple weak modules and Whittaker vectors 21
[21] R. Lu¨, X. Guo, K. Zhao, Irreducible modules over the Virasoro
algebra, Doc. Math. 16 (2011), 709–721.
[22] M. Ondrus and E. Wiesner, Whittaker modules for the Virasoro
algebra, J. Algebra Appl. 8 (2009), 363–377.
[23] A. Sevostyanov, Quantum deformation of Whittaker modules and
the Toda lattice, Duke Math. J. 105 (2000), 211–238.
[24] K. Tanabe, Simple weak modules for the fixed point subalgebra of
the Heisenberg vertex operator algebra of rank 1 by an automor-
phism of order 2 and Whittaker vectors, to appear in Proceedings
of the AMS.
[25] W. Wang, W1+∞ algebra, W3 algebra, and Friedan-Martinec-
Shenker bosonization. Comm. Math. Phys. 195 (1998), 95–111.
[26] W. Wang, Classification of irreducible modules of W3 algebra
with c = −2, Comm. Math. Phys. 195 (1998), 113–128.
[27] Y. Zhu, Modular invariance of characters of vertex operator al-
gebras, J. Amer. Math. Soc. 9 (1996), 237–302.
